Absfracr-The paper deals with the determination of optimal force-closure grasps for 2D polygonal objects. The problem is analyzed and some intrinsic properties of grasps are determined. The approach is applied to the determination of the position of a fourth finger given the positions of three other fingers. Moreover, the range of solutions that allow the force-closure property as well as the optimal value are analytically determined, checking only four points in the worst case. The algorithm has been implemented and numerical examples are included in the paper.
I. INTRODUCTION
Grasping and manipulation of objects using multi-finger mechanical bands has become a field of great interest in the two last decades. Good overviews of the state of the art in this field and related problems can.be found in [14]
and [2] .
Grasps capable of resisting extemal disturbances satisfy one of the following properties: form-closure (the position of the fingers ensures the object immobility) or forceclosure (the forces applied by the fingers ensure the object immobility) [l] . Finding the optimal position of the fingers that produce a grasp satisfying either of these properties is a frequent problem. A criterion for grasp quality evaluation must be chosen, and several ones have therefore been proposed. Ferrari and Canny [6] proposed a criterion based on the maximum wrench that the grasp can safely resist, and algorithms for grasp synthesis based on this criterion were proposed by Pollard [131 and Borst et al. [3] , though they do not generate optimal grasps. Ponce et al.
[11] proposed the minimization of the distance~between the object's center of mass and the geometric center of the grasping points. This criterion is used by Ding et al. [5] , among others. One variation of the problem is the determination of independent regions on the object boundary such that a finger in each region ensures a fodforce-closure grasp, thus dealing with some uncertainty in the finger positioning. In general, the algorithms proposed for the search of an optimal gasp are based on linear or non-linear programming, thereby implying an iterative procedure. This paper tackles the problem of finding optimal grasps
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(in the sense of the most robust force-closure grasp) of 2D objects using the minimum number of frictionless contacts (four for 2D objects 191) and the quality measure proposed by Ferrari and Canny, and avoiding iterative procedures. Some intrinsic properties of the problem that help in the solution search are presented here. In particular, the problem of determining the optimal position of a fourth finger given the positions of the other three and the contact edge for the fourth is solved in an analytical way (the problem has already been solved even for 3D objects [5] , but the approach proposed here does not involve hard searches or iterative processes). Solving this problem is of special relevance in re-grasping actions. The main assumptions considered in this work are: I) Grasped objects are planar and polygonal-shaped; 2) The object edge where the fourth finger will contact is given; 3) Forces applied by the fingers act only against the object boundary (positivity constraint); 4) Frictionless contacts (then the force-closure solution is also form-closure); 5) The fingertip is a point. Note that there is no constraint regarding the number of fingers per edge. In this approach it is then possible to consider two fingers on the same edge (for polygonal objects a minimum of three edges must be contacted to allow a force-closure gasp).
G R A S P QUALITY MEASURE

A. In the Wrench Space
One of the most intuitive and accepted criterion for quality evaluation of a grasp that satisfies the force-closure condition (hereafter called FC grasp) was proposed by Ferrari and Canny [6] . This criterion indicates the module of the maximum wrench that a grasp may resist regardless of the wrench direction: the larger the module, the better the grasp.
Each finger can exert a force f; on the object boundary at each contact point (in the absence of friction, f i is the applied force normal to the object boundary). Force f; produces a torque T ; with respect to the object's center of mass, and the vector wi = (fT X T T ) is,called a wrench or a generalized force (A defines the metnc of the wrench space and, in order to have a physical meaning in terms of energy X is considered to be the radius of gyration. The proposed approach is valid for any value of X; thus, for simplicity it is considered X = 1).
The forces applied by the fingers can be subject to different constraints, depending on the characteristic of the grasp to be optimized. The constraint used in this work (other constraints with their physical and geometric meaning can be found in [9] ) is that the total force exerted by all the fingers is limited, for instance, due to a maximum available power for all the finger actuators. This implies that the applied forces can generate a resultant wrench w = xi oiwi with xi pi 5 1 and wi being the wrench produced by forces satisfying llfill = 1. Geometrically, the resultant wrench can be any inside the polytope n PI = C o n v e x H u~~( U { w ; } )
(1) i=l Considering this constraint, the quality measure Q of an FC grasp is given by the maximum wrench that the finger forces can generated in any direction of the wrench space:
where OP, is the boundary of polytope PI.
In the case of 2D objects, PI is a polyhedron and the quality measure is equivalent to the radius of the greatest sphere centered at the origin and fully contained in polyhedron PI.
The quality measure Q is determined by one of the distances from the origin to the faces of P I . Consider where: This function bas four impoflant properties (an example is shown in Fig. 1 
(11)
B. In the Force Space
Similarly to M h c h and Canny's application of the quality measure to two particular sets of forces and moments [7] , the quality measure described in equation (2) can be applied in the force space (i.e. the 2D subspace of the wrench space defined by pure forces) as
where Pf is the polygon defined in the force space by the contact forces and aP, is its boundaq(Pf coincides with the projection of PI on the force space). in Pp" is determined by the minimum distance from the origin to Pf, i.e. Qr.
Given the torques of the four contact forces, the corresponding wrenches generate a polyhedron PI that satisfies PI C Ppp" by construction. Therefore, the greatest sphere centered at the origin and inscribed in PI is smaller or equal to the one inscribed in Pp. As a result, its maximum wrenches on the force space. Moreover, if there are two parallel applied forces (e.g. two fingers on the same object edge), P f degenerates into a triangle and the Internal Bounds are given by the distances from the origin to two sides of the triangle. Fig. 2 shows an example of the Internal Bounds.
OPTIMAL FOURTH CONTACT POINT
Geometrically, the specific problem of determining the position of the fonrtb finger on the given edge is: given three points in the wrench space (i.e. w l , w 2 , W Q ) and the applied force f = (fZ4, f , 4 ) 3 . determine the component r 4 such that the polyhedron PI defined by q , w g , w 3 and w4 = (f4=, k, 74jT includes the greatest possible sphere centered at the origin.
A. Range of possible solutions
In order to produce an FC grasp, PI must contain the origin [SI. The following necessary and sufficient condition can be stated from this condition.
Necessary and Suflcient condition. Let RIc4 be the range of r4 that allows an FC grasp given w l , wz, w 3 and f 4r and let aRfc4 be the boundary of R f c + .
Then, in order for a given 7 ; to satisfy r; E a R f c 4 , it is necessary and sufficient that 0 E 8Pl, PI being the polyhedron defined Proof: It is straightforward since PI is convex. are extremes of R f ...
If either of the applied forces has the same direction (e.g. two fingers on the same edge), equations (15) and (16) If more than one of these candidates belongs to R f c 4 , they must he tested to identify r40pt. 
-DP(r4) has only one maximum M p (p = i , j , k).
-Q(74) is defined by pieces of Dp(74) (p = i , j , k).
2. Dp(74) has only one maximum M,.
3. From 1 and 2, we obtain Mp > Q f .
then from 2, all the pieces of Dp(r4) that define Q(74) are monotonous. (24) Q ( 7 4 * ) = 0.
5.E Rfc4 is
. to (26) and 740pt is one of these solutions.
0
C. Constraint of the edge lengrh
It is possible that the optimal value of 1-4 found above cannot be generated due to the finite length of the contact edges. This constraint is included here. The actual optimal position is the extreme of (R4 n Rfc4) closer to 7qopt, because function Q ( 7 4 ) grows monotonously towards Q(7dopt) inside R f c 4 .
Note that the optimal position may be on an object vertex or close to it. In this case, it is necessary to consider a security distance.
D. Eficient Procedure
When Proposition 3 is applied, with .the exception of Case 1 where 740pt can be directly found, it is necessary i to solve three four-order equations. If .these equations are solved in the right sequence, 7 d O p t may be obtained without aniving to solve all of them. The right sequence is determined by the following steps:
1. Check that R4 n Rfc4 # 0. 
IV. EXAMPLES
In this section, some numerical examples of the proposed methodology are presented. A detailed example of eacb case can be found in [4] . Fig. 3 shows the object used in the examples. For each finger i we have: the edge that will contact, the direction a i of the applied force Fig. 4 . The optimal solution is an extreme of an edge and it is so indicated; in the real grasp, a given security distance from the edge vertex should be considered. The paper deals with the problem of determining optimal grasps of 2D objects using four fingers. An approach to the deterministic solution of this problem is proposed using the quality measure introduced by Ferrari and Canny [61 and considering the particular case where three fingers are already positioned and the position of the fourth must be determined. The extension to the general case of four unknown finger positions is under development. The force space is used to establish bounds for the quality measure that are quite useful for determining the optimal grasp and proving some intrinsic properties of the problem, like the type of range of solution on each object edge. Although this property is marginally used in the particular case of looking for the position of the fourth finger, it seems quite a significant intrinsic property for the solution search in the general case of four unknown finger positions.
